We propose the unimodular-mimetic F (R) gravity theory, to resolve cosmological constant problem and dark matter problem in a unified geometric manner. We demonstrate that such a theory naturally admits accelerating universe evolution. Furthermore, we construct unimodular-mimetic F (R) inflationary cosmological scenarios compatible with the Planck and BICEP2/Keck-Array observational data. We also address the graceful exit issue, which is guaranteed by the existence of unstable de Sitter vacua.
I. INTRODUCTION
The cosmological constant problem [1] along with the dark matter issue, are two of the unanswered problems in modern theoretical physics. With regards to the dark matter issue, it is believed that dark matter is possibly described by a particle which is weakly interacting with ordinary matter, see [2] for an account on the particle nature of dark matter. However, for both these two problems, there exist two theoretical proposals in the context of generalized general relativity, namely the unimodular gravity [3] [4] [5] [6] and mimetic gravity [7] [8] [9] [10] [11] [12] [13] [14] . The unimodular gravity was firstly introduced to solve the cosmological constant problem in a consistent and elegant way, since the cosmological constant arises from the trace-free part of the Einstein field equations. Particularly, the trace-free part in unimodular gravity is obtained by imposing the following constraint on the metric determinant √ −g = 1. The mimetic gravity approach exploits the internal conformal degrees of freedom of the metric, and in result, a dark matter description is obtained, without the need for a perfect fluid to be present.
In a recent work [4] , we combined the unimodular gravity and mimetic gravity disciplines to a unified framework in the context of Einstein-Hilbert gravity, and we were able to realize various cosmological scenarios which were exotic for the ordinary Einstein-Hilbert gravity, without the need of extra matter fluids. In this paper we shall extend the formalism of unimodular-mimetic gravity of Ref. [4] , in the context of F (R) gravity (for reviews see [15] ) and we study how various cosmological scenarios can be described by vacuum unimodular-mimetic F (R), to which we shall refer to as U-M F (R) gravity for brevity. The unimodular and mimetic gravity constraints shall be realized in the case at hand, by using the Lagrange multiplier method [16] . Note that such theory is expected to solve the dark matter problem and the dynamical cosmological constant problem in the unified geometric formulation.
Particularly, we shall investigate how de Sitter cosmology and how the cosmology corresponding to a perfect fluid with constant equation of state (EoS) parameter w are realized. In addition, by using the prefect fluid approach [17] , we shall demonstrate that it is possible to realize inflationary cosmologies [18] with U-M F (R) gravity, which are compatible to both the latest Planck [19] and BICEP2/Keck-Array data [20] . Moreover, we address the graceful exit issue in the context of U-M F (R) gravity, and as we demonstrate, the graceful exit from inflation is guaranteed by the existence of unstable de Sitter vacua. This paper is organized as follows: In section II, we present the formalism of U-M F (R) gravity by using the Lagrange multiplier method, and we briefly investigate how various cosmological scenarios can be realized in the context of U-M gravity. In section III, we use the perfect fluid approach to realize with U-M F (R) gravity an inflationary cosmology compatible with the observational data and in section IV we demonstrate how graceful exit can be achieved in the context of U-M F (R) gravity. The conclusions follow in the end of the paper.
II. UNIMODULAR MIMETIC F (R) GRAVITY USING THE LAGRANGE-MULTIPLIER FORMALISM
In the Einstein-Hilbert mimetic gravity, the physical metric g µν is written in terms of an auxiliary scalar field and in terms of an auxiliary metricĝ µν , as follows,
By using the representation of Eq. (1), results in the following constraint equation,
to which we shall refer to as the mimetic constraint. In addition, in Einstein-Hilbert unimodular gravity, the following constraint holds true,
to which we shall refer to as the unimodular constraint. Before we continue, let us briefly describe the background geometry, which we shall assume to be described by a flat Friedman-Robertson-Walker (FRW) metric, with line element,
with a(t) being the scale factor. In addition, the Ricci scalar corresponding to the flat FRW metric of Eq. (4), is equal to,
For simplicity we assume that the scalar field φ is only time-dependent, so φ = φ(t). In order to realize the mimetic and unimodular constraints of Eqs. (2) and (3), we shall make use of the Lagrange multiplier formalism of Refs.
[16], and we introduce two Lagrange multipliers in the F (R) gravity action, which we denote η and λ. The Lagrange multiplier η corresponds to the mimetic constraint (2) and the Lagrange multiplier λ corresponds to the unimodular constraint (3), so the F (R) gravity action with potential and Lagrange multipliers is equal to,
By varying the action (6) with respect to the metric g µν , we obtain the following equations of motion,
and also by varying the action (6) with respect to the auxiliary field φ, we obtain the following equation,
It is conceivable that the variation of the F (R) gravity action (6) , with respect to the Lagrange multiplier η, yields the mimetic constraint of Eq. (2), while variation with respect to λ, yields the unimodular constraint of Eq. (3). For the FRW background of Eq. (4), the (t, t) components of (7) is equal to,
while the (i, j) components read,
In addition, by using the metric (4) and the properties of the corresponding Christoffel symbols, Eq. (8) takes the following form,
Finally, the mimetic constraint yields,φ
Note that in Eqs. (9), (10), (11) and (12), the "prime" denotes differentiation with respect to the Ricci scalar or with respect to the auxiliary scalar field φ, while the "dot" denotes differentiation with respect to the cosmic time t. It easily follows from Eq. (12) , that the auxiliary scalar can be identified with the cosmic time, so φ = t, and therefore, the equation of motion (9) is simplified as follows,
while Eq. (10) is simplified as follows,
Moreover, in view of the identification φ = t, Eq. (12) takes the following form,
By eliminating λ from Eqs. (13) and (14), we obtain the following equation,
By combining Eqs. (16) and (15), we obtain the following first order differential equation,
where the function f 0 (t) stands for,
The differential equation (17) has the following general solution,
with a(t) being the scale factor. Thus, by specifying the scale factor of an arbitrary cosmological evolution and the F (R) gravity, by using Eq. (19) we can obtain the mimetic potential that can generate such an evolution. Then, by using the resulting V (t) potential and substituting it in Eq. (14), we obtain the unimodular Lagrange multiplier function λ, responsible for the evolution a(t). Finally, by substituting λ and V (t) in Eq. (13), we obtain the mimetic Lagrange multiplier function η. Basically, we just described a quite general reconstruction method, which can realize quite arbitrary cosmological evolutions, given the scale factor and also the form of the F (R) gravity. Also, given the form of the Lagrange multipliers λ and η and also the scale factor and the mimetic potential, we can solve the resulting differential equations to find which F (R) gravity realizes such a cosmological evolution. In the rest of this section, by specifying F (R) and a(t), we investigate how the reconstruction method works in practise.
A. Cosmological Scenarios from Unimodular Mimetic F (R) Gravity
In this section we use the reconstruction method we introduced in the previous section in order to realize two well known cosmological evolutions in the context of U-M F (R) gravity. Our aim is to find the mimetic potential V (t) and the Lagrange multiplier functions η and λ, which can generate a given cosmological evolution with scale factor a(t), for a specific given F (R) gravity. The F (R) gravity can have in principle an arbitrary form, so we shall consider the following very general form for the F (R) gravity function,
where the parameters d, f, p, q are arbitrary real constant parameters. The class of F (R) gravity models of the form (20) is known to have quite interesting phenomenological implications, since it can generate late and early-time acceleration, see for example [15] , and also it can also result to very appealing astrophysical implications. In the rest of the paper, without loss of generality, we shall assume that the F (R) gravity is of the form,
where the parameters d and f are assumed to be positive arbitrary real numbers. The F (R) gravity model (21) leads to some interesting implications for neutron stars, since it generates an increase of the maximal neutron star mass, a result that cannot be obtained by the standard Einstein-Hilbert gravity. Having the interesting phenomenological implications of the model (21), we also demonstrate in this section that this model in the context of U-M gravity can also realize various cosmological evolutions.
de Sitter Cosmology from U-M F (R) Gravity
We start off our analysis by studying the de Sitter realization in the context of U-M F (R) gravity, so the scale factor and the Hubble rate are given below,
where H 0 is an arbitrary positive real parameter. Since we assumed that no matter fluids are present, by using Eqs. (19) and (18) , for the F (R) gravity of Eq. (21), we easily find that the mimetic potential of the U-M F (R) gravity for the de Sitter cosmology of Eq. (22) is equal to V (t) = 0. Therefore, by substituting in Eq. (14) , the unimodular Lagrange multiplier function λ reads,
so we can see that it is actually constant for the de Sitter cosmology case. Hence, by substituting the unimodular Lagrange multiplier λ and the potential V (t) in Eq. (13), we can obtain the mimetic Lagrange multiplier η, which reads,
which is also a constant parameter. So for the de Sitter cosmology case, the U-M F (R) gravity Lagrangian has a very simple form. This result can also be compared with the corresponding ones in Refs. [11] and [4] , and it can be seen that the result in the case at hand is different.
Perfect Fluid Cosmology from U-M Gravity
As another example we consider the cosmology that is generated by a perfect fluid with a constant equation of state p = wρ. The scale factor and the Hubble rate in this case are,
where w stands for the equation of state parameter which is constant in this case. By substituting the scale factor and the Hubble rate (25) in Eq. (19) , and also for the F (R) gravity (21), the mimetic potential can easily be found and the explicit form of which can be found in the Appendix, since it is lengthy to be presented here. Accordingly, the resulting forms of the Lagrange multipliers λ and η can also be found in the Appendix, and here we quote the exact form of the potential V (t) and of λ and η for w = 1/3, which corresponds to the radiation dominated evolution. Hence for w = 1/3, the mimetic potential reads,
while the unimodular Lagrange multiplier function λ(t), and the mimetic Lagrange multiplier η read,
A direct comparison of the potential appearing in Eq. (26) with the corresponding one of Ref. [8] , which is,
makes obvious that if the arbitrary constant in Eq. (28) is chosen to be C = −2/11, the potentials of Eqs. (26) and (28) become identical. Hence, we obtain the same cosmological evolution, for the same mimetic potential for the two theories, although in the case at hand, this result is obtained by using the F (R) gravity (21).
III. UNIMODULAR MIMETIC F (R) GRAVITY COMPATIBLE WITH BICEP2/KECK ARRAY DATA
Having described the general reconstruction method for the U-M F (R) gravity, we now proceed to the realization of viable inflationary cosmologies from U-M F (R) gravity. We assume that the F (R) gravity has the functional form given in Eq. (21), and we use the perfect fluid approach [17] in order to calculate the slow-roll inflationary indices and also the corresponding observational indices. The perfect fluid formalism enables us to obtain the spectral indices in a model independent way and a detailed account on this formalism can be found in [17] . According to the perfect fluid approach, the F (R) gravity is considered to be a perfect fluid, in which case, the slow-roll indices can be expressed as function of the Hubble rate as follows [17] ,
where we used the e-foldings number N , instead of the cosmic time, and also the prime in Eq. (29) denotes differentiation with respect to the e-foldings number N . In addition, we used the following transformation properties,
Accordingly, the spectral index of primordial curvature perturbations n s and the scalar-to-tensor ratio r in the perfect fluid approach, read,
In order to perform a confrontation with the most recent observational data, and determine if the cosmological evolution can be considered as viable, here we quote the latest constraints on n s and r coming from the Planck collaboration [19] , which indicate that, n s = 0.9644 ± 0.0049 , r < 0.10 ,
and furthermore, the BICEP2/Keck Array data constrain the scalar to tensor ratio r in the following way,
A cosmological evolution that can be compatible with the observational data is the following,
where the parameters G 0 , G 1 , β and b are arbitrary real numbers. In order to avoid the issue that the Hubble rate turns negative, the parameter b is assumed to have the following form,
where m and n are positive integers. Accordingly, by substituting Eq. (34) in Eq. (29), the slow-roll parameter ǫ can easily be found and the same applies for the parameter η. Finally substituting their final form in the observational indices, the spectral index n s reads,
Assuming the following set of values for the free parameters of the theory G 0 , G 1 , β and b,
and also assuming that N = 60, we obtain the following values for n s and r,
A direct comparison of the values for n s and r appearing in Eq. (38) with the Planck and BICEP2/Keck-Array data of Eqs. (32) and (33), shows that both n s and r are compatible with both the Planck and BICEP2/Keck-Array data. The cosmological evolution of Eq. (34) can be realized in the context of U-M F (R) gravity, by finding the mimetic potential V (N ) and correspondingly, the Lagrange multipliers η(N ) and λ(N ). Indeed, by using the transformation properties (30), the differential equation (17) takes the following form,
where the function f 0 (N ) is equal to,
The general solution of the differential equation (39) is the following,
So by combining Eqs. (34), (40) and (41) we may obtain the potential V (N ) and from it the Lagrange multipliers λ(N ) and η(N ) can be found, but we omit the details of this calculation for brevity.
IV. UNSTABLE DE SITTER ATTRACTORS AND GRACEFUL EXIT FROM INFLATION
In this section we address the graceful exit issue that can arise for certain inflationary cosmologies in the context of U-M F (R) gravity. The graceful exit can occur in a cosmological theory if unstable de Sitter vacua can be found in these theories. For an extended analysis on this issue see [4] and the relevant references therein. In this paper we confine ourselves to finding the de Sitter vacua and proving that some of these are unstable. An unstable de Sitter attractor leads to the graceful exit from inflation, since the linear perturbations around these vacuum grow in an exponential way (in most cases). In section II we investigated how a de Sitter solution can be realized in the context of U-M F (R) gravity, and as we evinced, the mimetic potential V (φ) was found to be equal to zero and in addition, the Lagrange multipliers η(t) and λ(t) are given in Eqs. (24) and (23) respectively. Our aim is to linearly perturb the de Sitter solution H(t) = H 0 , so the solution will be of the form,
and insert this solution in the differential equation (13). Then we keep only linear terms of ∆H and it's higher derivatives, by also using the fact that V = 0 and that η(t) and λ(t) are given in Eqs. (24) and (23). But first, let us investigate how the solution H = H 0 can be expressed for the case that the F (R) gravity is given by Eq. (21). By combining Eqs. (13), (24) and (23), we obtain the following algebraic equation,
which can easily be solved to yield the following de Sitter solutions,
Then by inserting Eq. (42) in the differential equation (13), and by keeping linear terms of ∆H and it's higher order derivatives, we obtain the following differential equation obeyed by the perturbations, 
where C 1 and C 2 are arbitrary integration parameters, and also the parameters µ 1 and µ 2 are equal to,
. By substituting the second solution of Eq. (44) in µ 2 , it can be seen that µ 2 > 0 for all the values of d and f , and hence the perturbation ∆H(t) grows as a function of time in an exponential way 1 . Therefore, the de Sitter solution is unstable and hence graceful exit can be achieved by the growing curvature perturbations. For more details on this mechanism for graceful exit and its connection with the final attractor theorem, see Ref. [4] .
V. CONCLUSIONS
In this paper we presented the extension of unimodular-mimetic gravity which was developed in Ref. [4] in the context of F (R) gravity. After developing the formalism of unimodular-mimetic F (R) gravity, we demonstrated that the resulting equations of motion constitute a reconstruction method with which it is possible to realize various cosmological scenarios. Particularly, the reconstruction method can work in various ways, for example, if the cosmological evolution and the F (R) gravity are given, then it is possible to find which unimodular and mimetic Lagrange multipliers generate such a cosmological evolution. In addition, if the cosmological evolution and the potential along with the Lagrange multipliers are fixed, then it is possible to find which F (R) gravity generates the specific cosmology under study. We used the first approach and we investigated which unimodular F (R) gravity can realize the de Sitter and perfect fluid cosmology. Particularly, since the choice of the F (R) gravity can be arbitrarily done, we chose an F (R) gravity that has some phenomenological significance, with regards to the astrophysical implications that it generates, and for this F (R) gravity, we investigated which unimodular and mimetic Lagrange multipliers and also which mimetic potential, can generate the specific cosmology at hand. The cosmological evolutions we studied can be realized by the standard Einstein-Hilbert gravity, but the advantage of the unimodular F (R) gravity approach is that even exotic cosmological scenarios for the standard Einstein-Hilbert gravity, can be consistently realized from unimodular-mimetic F (R) gravity. Also, we demonstrated how some inflationary cosmologies can be described by unimodular-mimetic F (R) gravity, and we found that compatibility with the latest observational data can be achieved. We also addressed the graceful exit issue and we showed that in the unimodular-mimetic F (R) gravity, graceful exit can be achieved via unstable de Sitter vacua, since these lead to growing curvature perturbations. The theoretical framework of unimodular-mimetic F (R) gravity we presented in this paper, can easily be extended to other modified gravity scenarios, such as F (R, G) gravity, where G stands for the Gauss-Bonnet invariant, so we leave this for a future work.
